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Introduction to nonlinear

finite element modeling
Péter Z. Berke

3.0. Solution procedures

UNIVERSITE LIBRE DE BRUXELLES, UNIVERSITE D'EUROPE

Inspired and adapted from the ‘Nonlinear Modeling of Structures’ course
of Prof. Thierry J. Massart at the ULB



Outline
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Discretised equilibrium equation
Incremental-iterative procedure

Path-following methods (arc-length)

Based on
— Non linear mechanics course, L.J. Sluys, R. de Borst, TU Delft,
Netherlands
— A course on Damage Mechanics, M. Geers, TU Eindhoven,
Netherlands

— Non linear finite elements, M. Crisfield, Tomes 1&2,
Chichester, UK
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UNIVERSITE LIBRE DE BRUXELLES, UNIVERSITE D'EUROPE

Equilibrium problem - strong form

Volume translational equilibrium oij; + i =0
Rotational equilibrium o] = O
Displacement boundary conditions w; = uW; Sur Sy
Surface equilibrium Tgn) = o;m; sur Sy
Strain-displacement relationship defo;; = fnr. (u”)
Constitutive equations o;; = gnr, (defo)
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Equilibrium problem: weak form

Among all the displacement fields «; satisfying wu; =@u; on Sy
Find the one that satisfies

A . o

5W’int 5”23;,5
Vdw; virtual such that dw; = 0 on Sy

Finite element interpolation of the displacement

W@} =IN@I{ad  {ou"(2)} = [N (2)] {sd}
(=m0} = B

Discretised equilibrium V {dd}
— t t (=
{f;\;t} {fea:t}
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Discretised equilibrium
Non linear nature of the system {fi.:} = {fext}

=% d@
() = 3 [N]T () [N]T ("} )

< Material non linearities

Non linear relation {o} = fnontinear ({€})

_Geometrical non linearities >

Choice of the reference configuration V. (initial or deformed configuration)
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The stress measure should be conjugated to the chosen strain measure

In the following only material non linearities will be
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considered for the sake of simplicity of notations
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Incremental procedure
Why working with increments ?

The behaviour of materials may depend on the path followed
The radius of convergence of iterative procedures (NR) is limited

= Apply loads with discrete, successive steps
= The structural response is evaluated at discrete points

[y

t+Atf

tf [ o : Real (unknown)
L =L~ I\i\ equilibrium path
\:\:r\+ Discrete numerical

solution
|

| N |
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Incremental procedure
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Definitions

We will use a ‘sequencing’ parameter ¢

It allows defining the sequence of the different mechanical events
This is a fictitious ‘time’ parameter (there is no material rate dependency)

UNIVERSITE D'EUROPE

An increment or a step

is defined as the set of operations needed to go from one state { to the
next ¢ 4+ /¢ in an incremental solution procedure

Incremental update AX

denotes the change in a quantity X during a full step or increment
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Incremental-iterative procedure

K, (z+Azq(1))

(Unknown) equilibrium path

_ \
K, (t+Atq(0))
t+Atfea:t
t+At £(1) At p(2)
fz'nt H_ tfint
A
t
fe:vt t+AL5q(2)
——————— e — — — — — — >
7 Y Y Y > q
t )
q =t+Atq(0) t+Atq(1) L+Atq(2)
t+AtAq(1)
= t+ATAq(2)

A

\
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Incremental-iterative procedure
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Definitions

lterative update “+2tsx )

Change during the iteration (i) of the increment ¢ —» ¢ 4+ At
of a mechanical quantity X

Incremental update at an iteration (i) “AMAX® =) " tHAlsx @)
(2)
Accumulation of all the iterative updates until iteration (i) during the
increment ¢ —» t + At of a mechanical quantity X
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Iterative corrections
Equilibrium at the end of iteration (i): one tries to impose

t+ At {fint}(i) __ t+At {femt}
nonlinear

First order development around the approximation at iteration (i-1)

0 {fine} P

t+ At {f’int}(i_l) + 5
q

] HEAL (g} = TRt L )

t-+AL {5q}(i) ~ ttHAt {fea:t} AL {fint}(i_l)

O A { i}V
dq

M, -

(5 ()]

New estimate of the incremental update

t+ At {q}(i) _ t+At {q}(ﬂ) + t+ At {Aq}(i) __ t+At {q}(()) + i: t+At {5q}(k)
k=1
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Iterative corrections
Internal forces evaluation at the end of iteration (i)

t+At (1) - t+At (z) s t+&t)
{q} {E} {J} nonlinear

> A O = [ B T o} o

3\

Lack of equilibrium should be decreasing

brat {fint}(i) 7£ trat {femt}

These successive developments have to be reapeated until lack
of equilibrium vanishes

Remarks

A different system matrix [K:(t+2#{q}*~")] is inverted at each iteration

The asymptotic convergence rate should be quadratic !
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Incremental-iterative procedure
Uniaxial illustration

[y

K, (t+8tg) (Unknown) equilibrium path

\

K, (t+Atq(0))

t+Atf ’
ex
t+At (1) t+At p(2)
fint fz'n,[,

A
t
fe:z:t L+At5q(2)

< — — — — — — >
Y [ Y L > (]

tq :t+Atq(0) t+Atq(1) t-}—Atq(Z)
t—{—AtAq(l)

A

t+A?Aq(2)

A
\
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Global structure of non linear FE code

—Loop on the loading (for)
Initialise the residual

—Loop on iterations (while residual > tolerance)

Assembly of elementary stiffnesses

Eliminate prescribed dofs from the system
System solution (KD {5q(z‘)} — { fowt} — {f_(z'—l)}

int

Substitution of prescribed dofs

Internal forces | t+Atrp () — / [B] 1A {51 () gy

Compute new residual

_ End of iteration loop
Archiving of results (stresses, strains, displacements, ...)
— End of loop on loading

J:!Iir 13
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Main control parameters

Loading type (prescribed forces or displacements)
Discretisation of the loading (phased, proportional)
Size of the loading steps (initial, maximum, minimum)
Definition of the convergence norm

Choice of a tolerance for convergence

Step size refinement rules (when, how much, ...)




Structural computation control
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For each increment

The procedure starts from an equilibrium point previously obtained
An increase of the loading forces is applied

An iterative procedure is used to obtain the equilibrium positions

If the loading is proportional, the load can be controlled by a

; scalar quantity and a unit force system {féﬁ’g
E fe:rt \
5 (Unknown) equilibrium path
: “wfi . —
E t20 £ ) ! I t _ t+At (u)
= l | : : {fel't} _ w femt
: “wle
q
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Discrete response curve
This curve can be interpreted in (n+1) dimension space

The space {qi,...,qn,w} has n+1 dimensions

Geometrical interpretation of the response curve

Locus of points of the n+1 dimensions space where equilibrium is satisfied

Geometrical interpretation of the equilibrium problem

In the space {qi,...,q,} find the displacements such that
rat {fint} = tHat {fea:t}

In the space {q,...,q,,w} find the intersection of the equilibrium
curve and the surface of equation w = t+At , — (ste

AL p L {fé;:g W — PHAt, _ oste

16




Alternative control
Why a need for an alternative control ?

Not always possible to find an intersection between the equilibrium curve

3\

and a hypersurface with increasing values of w

Difficult to pass limit point for load control (like point P below)

UNIVERSITE D'EUROPE

This is linked to the non increasing variation of w and to the choice of
searching for an intersection of the equilibrium curve with o = 4%, — Cste

fext

tagy ) Try to find and intersection
between the equilibrium
curve and ANOTHER

o (Unknown) equitibriumpath  NYPErsurface controlled by
A monotonically increasing

tQCL)f(U)

ext
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Alternative control
Prescribed displacement control

Search for the intersection between equilibrium curve and a hyperplane of
equation g = T8q = Ot
Allows to pass load control limit points

But does not allow to pass displacement control limit points (point P )

f ext
A
tdwf(u) ore .
ext (Unknown) equilibrium path
t (u)
wae:z:t
tq
ty wf(u) wZ/
ext P
t i g q
t1 q to q Sq 4q




Path-following methods
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Arc-length control

Search for intersection of the curve with an hypercylinder or an hypersphere
Allows (theoretically) passing all types of limit points

BUT the load level W is NOT constant during the iterations

fe:r:t}

t3wfé;2 /7<—>

tzwf(u)

ext

UNIVERSITE D'EUROPE

ty w f(u) ‘
ext . (Unknown) equilibrium path

UNIVERSITE LIBRE DE BRUXELLES,

()
2
fw)
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Path-following methods
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Arc-length control

Make the load level w variable between the successive iterations

Add a condition to determine this additional unknown
Equations to solve at iteration (i) of a given increment

Equilibrium ¢ — t+ At

b+ AL { fimt } i) — t+AE (i) {feﬁ

Which can be re-written in a residual form

{T (Hm (g} jt—|—ﬂ.tw(z‘))} — AL 16 [, @) { Fl =

T

This is now an additional

unknown
:’:llil' 20
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Path-following methods
Arc-length control

An additional scalar equation is needed for this unknown
Write the equation of hypersurface centered on the point in state ¢
AL Aq}(i)a’f AL LA q) (2)
F(raaw®) w2 {pl L) — a2

Written under residual form

+AL (1) — t+AL {&q}(i),’l’ i+ AL {ﬁq}(i)
F(eau) e [0} {10} - ar =0

¥ =is a parameter of dimensional consistency
¥ =1 — spherical arc length

¥ =0 — cylindrical arc length

J:!Iir 21
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Path-following methods
Arc-length control - implementation

Equilibrium at end of iteration (i): one tries to satisfy

{T (Hm {q}[i) ,Hmw[i))} _ AL {fﬁﬂt}{i) _ t+At (i) {fgt)} —0

First order development of the residual around approx (i-1)

May
N {at+ﬂt{g-}('!-—1) } +At g (i) 4.

tL AL {T}{i) — t+At {T}(i—l) 4 [;}H—&t{r}ﬂi—l}} b AL {5‘1}{1)

dw

LY {T}{i) ~ t+Ad {T}{i—l} + [Kt (H_ﬁt {q}[i—l))} AL {5‘}}(1}
+{f8} e
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Path-following methods
Arc-length control - implementation

Impose on first order At £10) — ¢

Iterative update of the displacements

t+AL {(SQ'}[i) — t+ At {5‘2}”}(1‘—1) + t—|—.&t5w[i) t+ AL {qﬁ}[i—l)

. . ~1 .
AL {5%1"}(1—1) _ |:t—|—ﬂ.th[z—l)} 1+ AL {T}{z—l}
with

-+ At {qﬁ}{i—l} _ [HMKF_I)} —1 {f[“)

ext

Only t+At5,,() remains unknown in this iterative update of the

:’Allil' 23

displacement field if the (i -1) quantities are known




Path-following methods
Arc-length control - implementation

3\

Incremental updates of the unknowns

t+ At {&q}(i) — AR {.&g}(i_l) AL {5%1_}[1‘—1)
At s, @] Al {qﬂ}ti—l)

EHAL A (1) — tHALA (1) + t+AL g, (1)

Using these in the arc length expression
t+AL {‘&q}(i):T AL f A g) ()
. T
+(eraaw) e {70} {1} = an

This is scalar quadratic equation  *T2t5w(®) _5 t+at {5q+) is known

The remainder of the process is identical to a classical Newton

J:!Iir 24
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scheme (stress and internal forces evaluation)




3\

UNIVERSITE D'EUROPE

wv
w
-
-l
w
>
-
(-4
o
w
a
wl
(-~
o
-
s
-
(%}
o
w
>
=
=1

Path-following methods
Summary

Predictor

Choose an estimate of the load increase  t+AtA,(0) — t+AtLgs ,(0)

Compute the arc length A7 = \/( t—|—&t&w[z‘))2 T2 {f}aﬂ}’r {fi",f}
Compute **4! {5q,,}\® | t+at 510

Compute *t4t5,(1) by solving the quadratic equation

Compute At {&g}[l) and t+Aat {,,.}(1)

Corrector

Repeat the last 3 stages of the predictor, increasing the iteration number of 1

25




Path-following methods

1

Uniaxial illustration

Wy
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t+Atg, (0) t+At, (1)

I+ At p(2
b%Atf(” " fféJ

nit

P

t+Ai,f(0)

nit

(Unknown) equilibrium path

-q

\ Y

/
t+At (0) HAELL) AL (2)
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Path-following methods
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Remarks

Control parameters are similar to the load control case
Additional equations can be more complex than a sphere

Linear equation for t+Atg,,(#) (to avoid the presence of 2 roots)

UNIVERSITE D'EUROPE

Use only one dof in the equation (if this is a monotonic quantity - often
used in case of cracking)

Change the controlling dof from step to step (crack mouth opening
displacement control)
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Applications

Structural failure (punching failure)

Guandalini, 2005
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Punching of a plate - modelling

M. Syed Ali Azor, MFE, 2008

Charge totale appliquée au sabot [kN]
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Applications

Punching failure

w
o
© o
o
= Charles de Gaulle Airport T2E
w
2 Cost ~ 750 M€, collapse 2004
wd
[
; SCENE OF THE COLLAPSE - BEFORE AND AFTER
e Metal support
w structurepp ) @ EEFORE Access to departure lounge
> from passport control
- Cil B N
= Departure lounge .
U; ITIL J'“
w [http://en.wikipedia.org/wiki/File:Paris_Charles_De_Gaulle_Air
— port_Terminal_E_a.JPG]
= Concrete Footbridge ‘{
: blocks to planes
o
e According to an initial ®AFTEH
= angquiry the metal
i support structure had
a plerced the concrete
roof, causing it to split
- and fall in.
{~ =
o]
-
Source: ADP
s
’: [http://newsimg.bbc.co.uk/media/images/40353000/gif/_40353045_paris_airport_ne
n w_inf416.gif]
o
w
>
= [http://english.peopledaily.com.cn/200405/24/images/0524.p
-

aris2.jpg]
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Applications

1

Instability

Metrodome, Minneapolis
December 2010

UNIVERSITE D'EUROPE

- B P

[http://www.themegaworldnews.com/wp-content/uploads/2010/12/dome_pic2.jpg]

[http://cdn.bleacherreport.net/images_root/images/photos/001/087/887/metrodome-
269x198_crop_340x234.jpg?1292257653]

(%]
w
-
-l
wi
>
=
o
[aa]
(28]
a
wl
[+4
o
—
sl
-
%]
o
w
>
=
=]

Introduction to the advanced computational analysis of stru%tabiﬂn_y



Applications

Initial configuration

2t ¢

Reaction force [N]
™~
L,
S

-'?ZI.E 0.7 0.8 0.5 -0.4 0.3 02 -0 a
Displacement [m]




